In this article we give explicit formulae for a lift of the relative Frobenius morphism between elliptic curves and show how one can compute this lift in the case of ordinary reduction in odd characteristic. Our theory can also be used in the case of supersingular reduction. By means of the explicit formulae that describe a Frobenius lift, we are able to generalize Mestre's 2-adic arithmetic geometric mean (AGM) sequence of elliptic curves to odd characteristic, and prove its convergence. As an application, we give an efficient point counting algorithm for ordinary elliptic curves which is based on the generalized AGM sequence.
Introduction
In this article we give formulae which describe a lift of the relative Frobenius morphism for a given elliptic curve over the p-adic numbers, where p is an odd prime. These formulae are universal in the sense that they can be used in the case of ordinary reduction, and in the supersingular case as well.
Let us first give an example in the case of ordinary reduction. Consider the elliptic curve E over Q which is given by the equation
The curve E has ordinary good reduction at the prime 3. The normalized third division polynomial of E is given by ψ 3 (T ) = T 4 + 1 3 (−4i − 4)T 3 + 2iT 2 + 1 3 .
We set K = Q(i)[T ]/(ψ 3
. Lett denote the class of T in the quotient ring K. Over K the polynomial ψ 3 decomposes into irreducible factors as follows T −t´· " T 3 + (t + 1 3 (−4i − 4))T 2 + (t 2 + 1 3 (−4i − 4)t + 2i)T + (t 3 + 1 3 (−4i − 4)t 2 + 2it)
« .
In the following we consider the curve E as defined over the field K. There exists an isogeny F : E → E (3) , where the curve E (3) is given by the equation
such that F reduces modulo 3 to the relative 3-Frobenius morphism. Also, using the formulae of Theorem 3.1, one can compute explicit formulae for the isogeny F as a pair of rational functions. We will not go into the details of this computation here. Now consider the elliptic curve E given by the equation
over Q. The curve E has supersingular good reduction at the prime 3. The normalized third division polynomial of E is given by
We set K = Q[T ]/(ψ 3 ). Lett denote the class of T in the quotient K. Over K the polynomial ψ 3 decomposes in irreducible factors as follows T −t · T − (2 −t) · T 2 − 2T + (t 2 − 2t) .
In the following we consider E to be defined over K. Now assume that we have chosen a 3-adic embedding of K such thatt is a non-unit. Then the image curve E (3) of a lift of the relative Frobenius F : E → E (3) can be given by
Next let us explain the relevance of the results of this article to the algorithmic application. Let A be an abelian scheme over a p-adic local ring, and let A have ordinary reduction. It is a classical result that there exists a canonical lift F : A → A (p) of the relative p-Frobenius morphism. By iterating the lifting one obtains a sequence of abelian schemes
Let A 0 denote the reduction of A, where we assume A 0 to be defined over a finite field F q with q elements of characteristic p > 0. There exists a canonical lift A * of A 0 which is characterized by the property that the reduction map on endomorphisms is bijective. It is a fundamental result that one has lim n→∞ A (q n ) = A * (1) with respect to the p-adic topology. The precise statement and a proof are given in Section 2.
In the following let p = 2. We restrict our attention to the case where A is an elliptic curve. The convergence theorem (1) forms the basis of Mestre's AGM point counting algorithm (see the private conversation [11] ). An essential step in this algorithm is to compute the arithmetic geometric mean (AGM) sequence (a n , b n ) = a n−1 + b n−1 2 , a n−1 b n−1 (2) in a 2-adic local field with finite residue field F q of characteristic 2. It turns out that the sequence (2) describes the coefficients of a sequence of elliptic curves with ordinary good reduction
and Frobenius lifts E 0
where by (1) the subsequence E dm with d = log 2 (q) approximates 2-adically the canonical lift of the reduction of E 0 . For a higher dimensional generalization of Mestre's algorithm see the informal notes [10] . The theoretical background of the higher dimensional AGM sequence is given in [3] . In this article we give an analogue of Mestre's sequence of elliptic curves (3) in odd residue class field characteristic. Using the explicit formulae for a lift of the relative Frobenius, we are able to define a 2-parameter analogue of Mestre's 2-adic AGM sequence. We apply our results to the point counting problem on ordinary elliptic curves over finite fields of odd characteristic. We prove that, if E is an ordinary elliptic curve over a finite field F q with q elements of characteristic p > 2, then one can give an algorithm for the computation of the number of rational points #E(F q ) which has the time complexity O p 2+ǫ log p (q) 3+ǫ for all ǫ > 0. The algorithm that we give is based on the computation of the p-adic analogue of Mestre's 2-adic AGM sequence.
Leitfaden
In Section 2 we give a proof of the convergence theorem for the p-adic scheme theoretic analogue of Mestre's AGM sequence. In Section 3 we give explicit formulae for a lift of the relative Frobenius in the elliptic curve case. In Section 5 we give an algorithmic application of these formulae. In Section 6 we give an example of the generalized p-adic AGM sequence.
Canonical Frobenius lift in the ordinary case
In this section we give some theoretical background on Frobenius lifts. Let R be a complete noetherian local ring. We assume R to have perfect residue class field k of characteristic p > 0. By m R we denote the maximal ideal of R. Let π : A → Spec(R) be an abelian scheme which has ordinary reduction. 
such that the reduction F k of F fits into the following diagram commutative
where f p denotes the absolute p-Frobenius and where pr : 
loc .
Because of the relation Ker(
One checks fiberwise that the morphism V is an isogeny. We claim that
. In the following we prove our claim. Let A[p] loc = Spec(C). The finite R-algebra C is connected, i.e. it has only the trivial idempotents 0 and 1. The same is true for C ⊗ R k, since R is henselian and thus one can lift the idempotents of C ⊗ R k to C (compare [14] Ch. I, §1). This proves our claim.
The kernel K of the relative Frobenius morphism of A k has no non-zero points over the algebraic closure of k and hence is connected. It follows that
loc . The order of K equals p g where g is the relative dimension of A over R. By comparing ranks we conclude that the equality
loc holds. This proves the proposition.
By successively dividing out the connected component of the p-torsion one obtains a sequence of abelian schemes with bonding morphisms
In Section 3 we show how this sequence can be made explicit in the case of elliptic curves. Theorem 2.3. Let B be an abelian scheme over R and let i ≥ 1 be an integer.
Proof of Theorem 2.3. The following proof of the theorem was communicated to the author by Moonen. We only sketch his proof. For a more detailed version of the proof see [4, Ch.2] . In the following we give a proof in the case where k is algebraically closed. In the following let S denote a complete noetherian local ring with algebraically closed residue class field k of characteristic p > 0. Let W (k) denote the Witt vectors with values in k. Note that there exists a canonical morphism W (k) → S. Assume that we are given an ordinary abelian variety A 0 over k. Let Def(A 0 ) denote the functor which associates to every local ring S as above the set of isomorphism classes of pairs (A, ϕ), where A is a formal abelian scheme over S and ϕ is an isomorphism A k Recall that a split formal torus of relative dimension 1 over W (k), denoted bŷ G m,W (k) , is defined as the completion of the multiplicative group G m,W (k) at its unit section. In higher dimension, we call a formal group over W (k) a formal torus if it is isomorphic to a product of copies of the formal groupĜ m,W (k) .
Now let
denote the relative p-Frobenius morphism. By Proposition 2.1 there exists a canonical induced morphism
. Assume that we have chosen an isomorphism
Fact 2.5. There exists precisely one structure of a formal torus on Def A
, such that the morphism (4) is a homomorphism of formal groups. With respect to this choice of a group structure the morphism (4) is given by the p-th powering morphism.
The group functorĜ m,W (k) associates to every local ring S as above the multiplicative subgroup 1 + m of S * where m denotes the maximal ideal of S. The theorem now follows from the following computation
Let A * denote the canonical lift of A k . We note that if k is a finite field with q = #k elements then for all n ≥ 0 there exists an isomorphism
Proof. The claim is an immediate consequence of Theorem 2.3. We note that one has A * (q) ∼ = A * .
Explicit formulae for Frobenius lifts
In this section we show how the Frobenius lift whose existence is proven in Proposition 2.1 can be made explicit. The special case of even residue class field characteristic is discussed in Section 3.1. Let R denote a complete discrete valuation ring with perfect residue field k of characteristic p > 2 and K its field of fractions. Let π be a uniformizer of R, let v : R → Z be an exponential valuation such that v(π) = 1 and letK be an algebraic closure of K. We assume K to have characteristic 0.
Consider an elliptic curve E over K which has good reduction. We assume that #E [2] (K) = 4. The curve E admits a model
where a, b ∈ R * and a ≡ b mod π. Let the reductionĒ of E be given by
where the coefficientsā
over k be the elliptic curve with equation
The isogenyF :Ē →Ē (p) over k, which is defined by (x, y) → (x p , y p ) is called the relative Frobenius morphism. In the following we will discuss necessary conditions for the existence of a lift of the relative Frobenius morphism.
Assume that we are given a subgroup G ≤ E[p](K) of order p, which is defined over K, i.e. σ(G) = G for all σ ∈ Gal(K/K). Let S ⊆ G such that S ∩ −S = ∅ and G = S ∪ −S ∪ {0 E }, where 0 E denotes the zero section of E. We set P 1 = (0, 0), P 2 = (a, 0) and
and
Note that x(Q) = 0 for Q ∈ S, since p > 2. Since G is defined over K, the polynomials h(x) and g i (x) are elements of K[x], where i = 1, 2, 3.
Theorem 3.1. Assume that we are given a subgroup G ⊆ E[p](K) with #G = p, which is defined over K. Suppose G is contained in the kernel of reduction. Let E (p) be defined by
where
Then E (p) is a non-singular elliptic curve, and there exists an isogeny
given by
, where i = 1, 2, 3. The curve E (p) reduces toĒ (p) and the isogeny F lifts the relative FrobeniusF . Also we have
where lead(h) denotes the leading coefficient of the polynomial h(x).
Proof. Abstract theory (see [13] ) guarantees the existence of a quotient E (p) of E by G. We will construct suitable coordinate functionsx andỹ on E (p) using the coordinates x and y on E. Consider the functionsx,ỹ :
The functionx has divisor
and the functionỹ has divisor
We claim that the functionsx andỹ are G-invariant, i.e. invariant under the composition with translations given by points of G. There exist G-invariant functions on E having the divisors (6) and (7) . The latter is due to the fact that by abstract theory the quotient E (p) exists and we can pull back suitable coordinate functions. They differ fromx resp.ỹ by a constant. This implies the claim.
We claim that the functionsx andỹ defined above satisfy the equation
One computes
and hence by definitionx (P 2 ) = a (p) .
Similarly one getsx
It follows that the divisors of (ỹ) 2 and
are equal. Hence these two functions differ by a constant. We determine the constant by looking at expansions in z = − x y . One has z 3p−3 + . . . Hence the above mentioned constant equals 1 and equality (8) holds. This proves our claim.
Next we prove that the curve E (p) given by equation (8) and the morphism
are defined over R. Let Q ∈ S. Using the addition formulae (see [16] Ch. III, §2) we compute
Note that a point Q ∈ E(K) is in the kernel of reduction if and only if v x(Q) < 0. It follows by the equations (9) that v x(Q+P i ) ≥ 0 for Q ∈ S and i = 1, 2, 3.
As a consequence we get
We claim that the isogeny F reduces to the relative Frobenius morphism. The congruences
imply that
By the equations (9) and v x(Q) < 0 we have v x(Q + P 1 ) > 0 for Q ∈ S. It follows that
Since for Q ∈ S we have v x(Q) < 0, it follows by the definition of h(x) that
We claim that
Let Q ∈ S. By the equations (9) and v x(Q) < 0 we have
≡ a mod p and analogously
This proves the congruence (11) . We conclude that the congruences (10) hold. Thus our claim is proven. Beside that, the above discussion shows that a (p) and b (p) are well-defined and that E (p) is an elliptic curve. Finally, we claim that
We set
One computes that
Since dx y comes from a global regular differential we deduce that f (x) is constant. We have
.
Recall that h(x) is normalized with respect to its constant term. The formulae (9) imply that
The claim now follows from the definition of h(x) and g i (x), where i = 1, 2, 3. This finishes the proof of Theorem 3.1.
Formulae of the same kind, but for separable isogenies, can be found in [18] .
Special case: Residue class field of characteristic two
In this section we recall some results which are due to J.-F. Mestre (see the private communication [11] ). For lack of a suitable reference we provide proofs where necessary. Mestre pointed out that a Frobenius lift in characteristic 2 can be described by the classical arithmetic geometric mean formulae. This is explained in the following. Let F q be a finite field of characteristic 2 and let Z q denote the ring of Witt vectors with values in F q . The field of fractions of Z q will be denoted by Q q . Let E be a smooth elliptic curve over Z q , in other words an abelian scheme of relative dimension 1 over Z q . 
where a, b ∈ Q * q such that a = ±b, the point (0, 0) generates E [2] loc (Q q ) and b a ∈ 1 + 8Z q . Proof of Proposition 3.2. To prove the proposition we need the following fact.
Claim 3.3. Let E be an elliptic curve over Z q with E[2] ∼ = µ 2,Zq × (Z/2Z) Zq . Then E Qq can be given by a model
where (0, 0) generates E [2] loc (Q q ) and β α ∈ 1 + 16R. Proof of Claim 3.3. We can assume that E is given by the equation (13) and (0, 0) generates E [2] loc (Q q ). We set λ = β α . One casn assume that λ ∈ Z q . Then
Let v denote the discrete exponential valuation of Q q which satisfies v(2) = 1. Since E has ordinary good reduction one has j(E) ≡ 0 mod 2. Hence equation (14) implies that
An isomorphism to a Weierstrass minimal model is of the form (x, y) → (u 2 x + r, . . .).
We can assume that the discriminant of the given model is a unit and hence u ∈ Z * q . Since (0, 0) is in the kernel of reduction it follows that v(r)
be a model for E over Q q having the properties listed in Claim 3.3. Over L = Q q (i) the above curve is isomorphic to the twisted curve E t given by
Now by [16, Ch.X,Prop.1.4] we have an equivalence
−1
We claim that the right hand side of (17) holds.
As a consequence σ(P t ) = P t if and only if σ(P ) = −P . Hence we have
−1 E (0, 0)(Q q ). Let Q be a point of order 2 which does not lie in the kernel of reduction. Then [2] −1 E (0, 0)(Q q ) = {P, −P, P + Q, −(P + Q)}. Two of these four points have to be in the kernel of reduction. Thus the points of E [4] loc are rational over Q q . This implies i ∈ Q q which is a contradiction. Since the converse direction in Proposition 3.2 is trivial, this finishes the proof.
Assume now that E satisfies the equivalent conditions of Proposition 3.2 and let E Qq be given by equation (12) . By our assumption E has ordinary reduction. The condition b a ∈ 1 + 8Z q implies that b a is a square in Z q . We set in analogy to the classical AGM formulaẽ
where we choose
Proposition 3.4. Let E (2) be defined as in Section 2. The curve E
Qq admits the model
where the point (0, 0) generates E (2) [2] loc (Q q ) andb a ∈ 1 + 8Z q . The isogeny
Qq is given by
Proof. It is straight forward to verify that the curve E Qq is isogenous with the elliptic curve
via the isogeny
which has kernel equal to
The point (0, 0) on the curve defined by (21) is not in the kernel of reduction, because it is the image of the point (a 2 , 0) or (b 2 , 0), where each of the latter points induces a non-trivial point in E [2] et (Q q ). Consider the x-coordinates a − b 2 2 and a + b 2 2 of the other two 2-torsion points. The one with the smaller valuation is the x-coordinate of the 2-torsion point in the kernel of reduction, because an isomorphism over Q q to a minimal model preserves the ordering given by the valuations. Let v be a discrete exponential valuation of Q q such that v(2) = 1. Since b/a ∈ 1 + 8Z q it follows that
yields the model (20). The proposition now follows by composing the morphisms (22) and (23).
Torsion points on ordinary elliptic curves
Let K be a field of characteristic = 2. Suppose we are given an elliptic curve E over K by an equation
where a, b ∈ K * and a = b. In this section we introduce the so-called division polynomials, which describe the torsion points of E. 
. . .
The polynomial ψ m (x, y), m ≥ 0, is called the m-th division polynomial of E.
The polynomial ψ m (x, y) defines a function on E. LetK denote an algebraic closure of K. The following proposition is classical. 
where 0 E denotes the point at infinity and deg i [m] the degree of inseparability of the isogeny [m] : E → E.
In the following we assume that m ≥ 3 is an odd integer. By induction one proves that the variable y in ψ m (x, y) occurs only with even exponent. Substituting successively y 2 by x(x − a)(x − b) we get a polynomial in the variable x. We denote the resulting polynomial by (24) is a Weierstrass minimal model and E has good reduction. Let v p be an additive discrete valuation of Q q which is assumed to be normalized such that v p (p) = 1. Figure 1 . Suppose that E has ordinary reduction. This means that #Ē(F q ) = p and the degree of inseparability of the isogeny [p] onĒ equals p (compare [16] Ch.III, Corollary 6.4). By the above discussion the Newton polygon of For more details about division polynomials we refer to [9] Ch.II, [5] and [1] .
Corollary 4.5. Let E have ordinary reduction. Then there exists a subgroup G ≤ E[p](Q q ) defined overQ q , which is uniquely determined by the conditions that it is of order p and lies in the kernel of reduction.
Proof. Assume that E is an elliptic curve which has ordinary reduction. By Proposition 4.4 it follows that there are precisely p points of order p on E lying in the kernel of reduction. Let 0 E = P ∈ E[p](Q q ) be in the kernel of reduction. Then the multiples of P are as well, since the reduction map is a homomorphism of groups. This proves the corollary. 
Algorithmic aspects of Frobenius lifting
In this section we explain how one can apply the results of the previous sections in order to count points on elliptic curves over finite fields.
Notation
We first fix some notation that will be used in the following sections. Let Z q denote the Witt vectors with values in a finite field F q with q = p d elements, where p is a prime. We say that an element x ∈ Z q is given with precision m if it is given modulo p m . One can carry out arithmetic operations with precision m by considering the given quantities as elements of the quotient ring Z q /(p m ). For the implementation of the arithmetic in Z q /(p m ) see [8] §2.
Computing a Frobenius lift in the ordinary case
Let now Z q denote the Witt vectors with values in a finite field F q with q = p d elements, where p > 2 is a prime. Let E be an elliptic curve which is given by the equation
where a, b ∈ Z * q and a ≡ b mod p. We assume that E has ordinary good reduction. By Corollary 4.5 and Theorem 3.1 there exists an explicit Frobenius lift
. Let a (p) and b (p) be defined as in Theorem 3.1.
Theorem 5.1. One can give a deterministic algorithm, which has as input the coefficients a and b of E with precision m and as output the coefficients a (p) and
for all ǫ > 0.
Proof. In the following we give the algorithm, whose existence is claimed in the theorem. By ψ p (x) we denote the p-th division polynomial corresponding to the points of order p on E (compare Section 4). The algorithm is as follows.
2. Find a decomposition
where W (x) is monic and
mod p using Hensel's algorithm. Set
Compute
First we prove the correctness of Algorithm 5.2. The p-th division polynomial ψ p (x) is computed in Step 1 with precision m using the formulae of Section 4. Since E has ordinary reduction, it follows by Proposition 4.4 that the polynomial x . This is done in Step 3. The polynomial V (x) differs multiplicatively from h(x) by a unit. Thus we have
This proves the correctness of the Algorithm 5.2. Next we provide some well-known results about the complexity of the arithmetic operations in the Witt vectors of a finite field. Elements of Z q /(p m ) allocate O md log 2 (p) bits if one stores them as integers. For details see [8] §2. Using fast integer multiplication techniques we conclude that a multiplication in Z q /(p m ) has complexity O (md) 1+ǫ log 2 (p) 1+ǫ . Inversion of a ∈ Z q /(p m ) can be done using Newton iteration applied to the polynomial ax
. The complexity of the Newton iteration is analyzed in [8] §2.5. The resulting complexity of an inversion is equal to that of the multiplication. Representing elements of Z q /(p m )[x] as integers and using a fast arithmetic for integers the complexity of the multiplication of two polynomials in
1+ǫ log 2 (p) 1+ǫ . In order to prove the complexity bound of Theorem 5.1 we will analyze step-by-step the relevant parts of Algorithm 5.2.
Step 1: For the computation of the division polynomial ψ p we use the formulae of Section 4. Note that for every m ≥ 5 the polynomial ψ m can be computed in terms of polynomials forming a subset of the set
where n = ⌊m/2⌋. This shows that a recursive algorithm for computing ψ p has depth ⌊log 2 (p)⌋. The necessary polynomial multiplications to compute ψ m in terms of the polynomials (27) can be performed in O n 2+ǫ (md) 1+ǫ log 2 (p) 1+ǫ bit operations, since ψ n has degree (n 2 − 1)/2. Let s 1 = ⌈p/2⌉ + 2 and t 1 = ⌊p/2⌋ − 2. We set
for i > 1. In our case, we have to compute the polynomials ψ si , . . . , ψ ti for i ≥ 1. By induction on i one can prove that
It follows that the number of polynomials to be computed on each recursion level grows linearly in the index i. Since i ≤ ⌈log 2 (p)⌉ we conclude that the p-th division polynomial ψ p can be computed in O p 2+ǫ (md) 1+ǫ bit operations.
Step 2: Using the standard Hensel algorithm (see [6] Section 3.5.3) we obtain for the second step in the algorithm the complexity O p 2+ǫ (md) 1+ǫ . Note that Hensel's algorithm converges quadratically. We assume that one uses in each iteration the minimal precision required in order to get the correct result.
Step 3: Evaluating a polynomial in Z q /(p m )[x] of degree (p − 1)/2 at a value in Z q /(p m ) has complexity O (pmd) 1+ǫ . To achieve this complexity one uses a squaring table and a 2-adic representation of exponents. We do not describe this method in detail because it is standard. Summing up the above complexities we get the complexity bound as stated in Theorem 5.1.
Generalizing Mestre's AGM algorithm
LetĒ be an ordinary elliptic curve over a finite field F q of characteristic p > 2 given by the Weierstrass equation 
Find the unique integer t 0 in the interval
Proof of Theorem 5.3. First we prove the correctness of Algorithm 5.4. Morally, the correctness of the algorithm follows from the following observation, which can be explained using Corollary 2.6.
Fact 5.5. Let E * be the canonical lift ofĒ and let E be defined by the equation 
defined over R/(p m ) such that the composed map
reduces to the absolute Frobenius of the reductionĒ
. The bijectivity of the reduction map on homomorphisms implies that ϕ = id and thus
The map
induced by reduction is bijective because of the characterizing property of the canonical lift. Let V =Φ be the dual of the isogeny Φ. The isogeny V lifts the absolute Verschiebung morphism ofĒ
. By the injectivity of (29) the equality
holds in the ring
where t denotes the trace of the absolute q-Frobenius morphism onĒ
. As a consequence of equation (30) we get
We define v ∈ R/(p m ) by the equation
Note that the Verschiebung is a separable isogeny acting as a non-zero scalar on the differentials ofĒ
over F q . This shows that v is invertible modulo p m . We remark that on the other hand the scalar, which describes the action of F on differentials, is divisible by q. This is the reason why we work with the isogeny V instead of the isogeny Φ. We conclude from (31) that
The number of F q -rational points onĒ equals that ofĒ (p m−1 ) since the two curves are isogenous over F q . This shows that the above number t is in fact the trace of the absolute Frobenius onĒ.
In the following we describe the relevant steps of Algorithm 5.4 in more detail and give their complexity.
Step 1: In order to turn the congruence (32) into an equality, which holds in Z, we have to choose the right precision. Hasse's Theorem (see [16] Ch. V, Theorem 1.1) states that
We conclude that one can recover the value for t from the approximation modulo p m if one takes m = ⌈d/2⌉ + 2. It will be explained in Step 4 why we actually compute with precision d + ⌈d/2⌉ + 2.
Step 3: One has to iterate (m − 1)-times Algorithm 5.2 with precision m. The resulting complexity of Step 3 is O(p 2+ǫ d 3+ǫ ) by Theorem 5.1.
Step 4: Similar as in Step 3 the overall complexity of Step 4 is O(p 2+ǫ d 3+ǫ ).
Step 
Examples and practical results
First, we illustrate the generalized AGM method by an example. Consider an elliptic curve of the form
We have implemented the Algorithm 5.4 in the computer algebra programming language Magma [2] . Using our experimental implementation we were able to compute the number of rational points of ordinary elliptic curves over finite fields of characteristic 3 of cryptographic size in a reasonable amount of time. For example, we computed the number of points on the elliptic curve given by the equation 
Perspectives
We suggest another potential application of the explicit formulae of Section 3.
The example of the introduction shows that also in the supersingular case the formulae of Theorem 3.1 can be used to compute an explicit lift of the relative p-Frobenius morphism. As one can see from the computational evidence, the computations take place over a ring of integers which is ramified at p. It is an interesting question whether one can use our formulae to compute an explicit lift of the absolute Frobenius morphism in the supersingular case. We expect that the answer to this question is positive.
The algorithms presented in Section 5.1 and Section 5.2 may be improved with respect to their complexity. This improvement might be relevant in practice. The complexity bound given in Theorem 5.1 may be improved to a bound that is linear in p. In order to do so, one has to avoid computing with the p-th division polynomial, which has degree of order p 2 . Perhaps it is possible to use the formal group law of the elliptic curve E instead. We remark that the formal group incorporates the local part of the p-torsion, or equivalently, the kernel of reduction. Also it seems to be worthwhile trying to improve the complexity bound of Theorem 5.3 with respect to d. One expects that there is an algorithm whose complexity is essentially quadratic in d.
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